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a b s t r a c t
The integrability problem consists in finding the class of functions, a first integral of a given
planar polynomial differential system must belong to. We recall the characterization of
systems which admit a Darboux, elementary, Liouvillian or Weierstrass first integral. The
reduction problem of an integrable planar system consists in finding the class of functions,
a map that reduces the original system (transforms into a simple system or equation) must
belong to. We identify the class of functions of this map for polynomial, rational, Darboux,
elementary, Liouvillian and Weierstrass integrable systems.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Nonlinear ordinary differential systems appear in many branches of applied mathematics, physics and, in general, in
applied sciences. The first objective is always to find their solutions. It is not always possible to explicitly write the solutions
of a system of differential equations in terms of explicit functions. Nevertheless, sometimes it is possible to find explicit
functions that are constants on solution curves what is called explicit first integrals. From time to time these first integrals
allow to deduce properties that an explicit solutionwould not necessarily reveal; see for instance [1]. In thisworkwewill see
some information thatwe candeduce from the knowledge of a first integral. This thought originated themodern integrability
theory of differential system that tries to respond to the natural question: when does a system of differential equations have
a first integral that can be expressed in terms of ‘‘known functions’’ and how does one find such a first integral? Questions
that remain still open. Another important question is to know when there is a map that reduces the original system to a
simple system or equation (linear differential equation, Bernoulli equation or Riccati equation).
The answerwhen the ‘‘known functions’’ are the elementary functions (i.e. functions expressible in terms of exponentials,
logarithms and algebraic functions) was given in [1], and when the ‘‘known functions’’ are the Liouvillian functions
(i.e. functions that are built up from rational functions using exponentiation, integration, and algebraic functions) was
given in [2]. In these two cases, it is given the form of an integrating factor if the system has these types of first
integrals. Some particular cases, as for instance polynomial, rational and Darboux first integrals, were studied in [3,4].
Weierstrass integrability was defined in [5] where some Weierstrass integrable systems which are Liouvillian integrable
were determined. Inside this new class of integrable systems was shown that there are non-Liouvillian integrable systems.
The aim of this work is the reduction of a differential system (transformation into a simple system or equation) from the
knowledge of the functional class of certain first integral that has the system; see Section 3 for the main results.
2. Planar integrability problem
We consider differential systems of the form
x˙ = dx
dt
= P(x, y), y˙ = dy
dt
= Q (x, y), (1)
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where P and Q are polynomials in C[x, y], C being the complex numbers. Throughout this paper we will denote by
m = max{deg P, degQ } the degree of system (1). Obviously, we can also express system (1) as the differential equation
dy
dx
= Q (x, y)
P(x, y)
. (2)
We have already discussed that althoughwe cannot always explicitly solve this system, we are occasionally able to find first
integrals, i.e. nonconstant functions H(x, y), analytic on some nonempty open set in C2, that are constant on the solution
curves in this set.
We recall that the integrability problem consists in finding the class of functions a first integral of a given system (1)
must belong to; see [6]. For instance in [4], Poincaré stated the problem of determining when a system (1) has a rational first
integral. The works of [1,2] go in this direction since they give a characterization of when a polynomial system (1) has an
elementary or a Liouvillian first integral. A precise definition of these classes of functions is given in [1,2]. An important fact
of their results is that invariant algebraic curves and exponential factors play a distinguished role in this characterization.
Moreover, this characterization is expressed in terms of the existence of certain inverse integrating factor. For more details
on all these notions mentioned until here see the paper [3]. To see the results about elementary integrability we address the
reader to references [1,5] and the references quoted there. Now, we state some results about the integrability problem of a
system (1) by means of (generalized) Darboux and Liouvillian functions.
In the work [3], systems (1) with a (generalized) Darboux first integral, i.e. with a first integral of the form
H = f λ11 f λ12 · · · f λrr

exp

h1
gn11
µ1 
exp

h2
gn22
µ2
· · ·

exp

hℓ
gnℓℓ
µℓ
, (3)
where fi, gi, hi ∈ C[x, y], λi, µi ∈ C for ∀i and ni ∈ N for i = 1, . . . , ℓ, are studied and the following result is given.
Theorem 1 ([3,5]). System (1) has a (generalized) Darboux first integral of the form (3) if and only if it has a rational inverse
integrating factor, that is, an inverse integrating factor of the form V = A(x, y)/B(x, y), where A, B ∈ C[x, y].
The Liouvillian class of functions contains the rational, Darboux and elementary classes of functions. Singer gives in [2]
the characterization of the existence of a Liouvillian first integral for a system (1) by means of an integrating factor.
Theorem 2 ([2]). System (1) has a Liouvillian first integral if and only if there is an inverse integrating factor of the form
V = exp{ (x,y)
(x0,y0)
η}, where η is a rational 1-form such that dη ≡ 0.
Taking into account Theorem 2, Christopher in [7] gives the following result, which gives the precise form of the inverse
integrating factor.
Theorem 3 ([7]). If system (1) has an inverse integrating factor of the form V = exp{ (x,y)
(x0,y0)
η}, where η is a rational 1-form
such that dη ≡ 0, then there exists an inverse integrating factor of system (1) of the form
V = exp{D/E}

C lii , (4)
where D, E, and Ci are polynomials in x and y and li ∈ C.
We notice that Ci = 0 and E = 0 are invariant algebraic curves and exp{D/E} is an exponential factor for system (1);
see for instance [3]. Theorem 3 states that the search of Liouvillian first integrals can be reduced to the search of invariant
algebraic curves and exponential factors. There was the belief that a Liouvillian integrable system has always an invariant
algebraic curve inC2. Moreover, this claimwas proved under certain hypotheses; see [8] and also [9]. The following theorem
is proved in [10].
Theorem 4 ([10]). There exist Liouvillian integrable polynomial systems without any finite invariant algebraic curve.
In [11], Painlevé proved the following result; see also [12,13] and the references therein.
Theorem 5 ([11]). A differential system (1) has a first integral of the form
I(x, y) = (y− g1(x))α1(y− g2(x))α2 · · · (y− gℓ(x))αℓh(x), (5)
where gj(x) are unknown (analytic) particular solutions of (2), h(x) is an unknown function of x and αi are unknown constants
such that
ℓ
i=1 αi ≠ 0, if and only if it has an integrating factor of the form
M(x, y) = α(x)S(x, y)
(y− g1(x))(y− g2(x)) · · · (y− gℓ(x)) , (6)
where S(x, y) is a polynomial in the variable y of degree ℓ−m− 1. Moreover,
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(a) if the system has two different integrating factors M1 and M2 of the form (6) with M2/M1 nonconstant, then there exists a
change of variable that is rational in the variables (x, y) which transforms Eq. (2) into a rational Riccati equation
(b) if the differential system has only one integrating factor of the form (6), then the particular solutions gi(x) from the
ansatz (5) are calculated algebraically and h(x) is given by a logarithmic quadrature.
As usual, we define C[[x]] the set of the formal power series in the variable x with coefficients in C and C[y] the set
of the polynomials in the variable y with coefficients in C. A polynomial of the form
n
i=0 ai(x)yi ∈ C[[x]][y], is called
a formal Weierstrass polynomial in y of degree n if and only if an(x) = 1 and ai(0) = 0 for i < n. A formal Weierstrass
polynomial whose coefficients are convergent is calledWeierstrass polynomial; see [14]. In [5], it was defined that a system
(1) isWeierstrass integrable if system (1) admits an inverse integrating factor of the formV = exp{D/E} C lii , whereD, E, and
the Ci are Weierstrass polynomials and li ∈ C. In this sense, the systems which are Liouvillian integrable are included in the
set of systemswhich areWeierstrass integrable because they have an inverse integrating factor of this form. However, there
are systemswhich areWeierstrass integrable which are not Liouvillian integrable, see Example 2 in [12] and other examples
in [15,16]. The systems with a first integral of the form (5) are Weierstrass integrable because they have an integrating
factor of the form (6). Moreover, there are planar differential systems which are not Weierstrass integrable; see [5,17]. The
following theorem, proved in [5], determines some Weierstrass integrable systems which are Liouvillian integrable.
Theorem 6 ([5]). If a differential system (1) has a first integral of the form (5), and at least one algebraic solution, then it has a
Liouvillian first integral and therefore a (generalized) Darboux inverse integrating factor of the form (4).
The next result provides the explicit relationships between the functional class of the first integrals and the functional
class of their respectively integrating factors. We will see that a non-Liouvillian Weierstrass integrable system cannot have
a Liouvillian integrating factor.
Theorem 7. Consider the planar polynomial differential system (1).
(a) If system (1) has a non-Liouvillian Weierstrass first integral, then it has a non-Liouvillian integrating factor.
(b) If system (1) has a Liouvillian first integral, then it has a Darboux integrating factor.
(c) If system (1) has an elementary first integral, then it has an integrating factor of the form a rational function to power 1/n for
positive integer n.
(d) If system (1) has a Darboux first integral, then it has a rational integrating factor.
(e) If system (1) has a rational first integral, then it has a rational integrating factor.
(f) If system (1) has a polynomial first integral, then it has a polynomial integrating factor.
Proof. Statement (a) follows from the following reasoning. If we suppose that system (1) has a Liouvillian integrating
factor then applying Theorem 3 and later Theorem 2 we will have that system (1) has a Liouvillian first integral which
is a contradiction. Statement (b) is due to Singer [2]; see also Christopher [7]. Statement (c) was proved by Prelle and Singer
[1]. Statement (d) was shown in [3]. The proof of statement (e) follows easily. Finally the proof of statement (f) follows
from [3,18]. 
3. Planar reduction problem
The reduction problem is inspired in the result obtained by Painlevé [11] in hismemoir of 1896 summarized in Theorem5
where in some cases the differential system (1) which admits a certain first integral of the form (5) is transformed into a
rational Riccati equation. In fact, this transformation is bymeans of a rational map.We are going to classify, attending to the
functional class of a first integral, the functional class of a map that reduces the differential system into a simple system or
equation. Here simple system or equation means a linear differential equation, a Bernoulli equation or a Riccati equation.
We recall that while a linear differential equation or a Bernoulli equation is always Liouvillian integrable, this is not always
true for a Riccati equation. We will see that the map is not unique and the functional class of the map varies in function
of the simplified equation that we want to obtain. In some sense, we reobtain some of the results given in [9,8] and we
complement the results obtained in [19]. Let C be one of the following classes of functions, polynomial, rational, Darboux,
elementary, Liouvillian and Weierstrass. A C-curve is a curve f (x, y) = 0 where f ∈ C. Now we can establish the following
result.
Proposition 8. Consider a planar polynomial differential system (1) having a first integral H belonging to the class C. Let R
be the integrating factor whose existence is given by Theorem 7. Then, the map (x, y) → (u, v) defined by u = R(x, y),
v = R(x, y)H(x, y) transforms system (1) into the linear differential system u˙ = u and v˙ = v. Moreover, the map belongs
to the functional class C.
Proof. After the transformation (x, y) → (u, v) given by the theorem, system (1) becomes
u˙ = R˙ = RxP + RyQ = −div(P,Q )R = −div(P,Q )u,
v˙ = ˙RH = (RxP + RyQ )H + R(HxP + HyQ ) = −div(P,Q )RH = −div(P,Q )v.
Now changing the independent variable from t to s doing the rescaling ds = −div(P,Q ) dt we get the linear differential
system u′ = u, v′ = v, where the prime denotes derivative with respect to the variable s. 
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Proposition 8 is a result in the context of the integrability problem and hence we are not interested in what is the subset
where the map is a real change of variables. This is studied in [19]. In fact, the map is a change of variables in the open and
dense subset (VH ∩ VR) \ {R(RxHy − RyHx)(Px + Qy) = 0} where VH and VR are the domains of definition of the functions
H and R, respectively. Obviously, the qualitative behavior of the orbits is completely changed by this change of variables. A
straightforward corollary of Proposition 8 is the following.
Corollary 9. If system (1) is polynomial or rational integrable, there exists a polynomial or rational map respectively that
transforms system (1) into a linear differential system.
In [20], it is shown that the planar polynomial vector fields having a polynomial first integral can be obtained from linear
systems. Corollary 9 of Proposition 8 gives a short proof of the main result of [20]. On the other hand, Painlevé Theorem 5 is
stronger than Proposition 8 because attending to the result of Proposition 8 if we have two integrating factors of the form
(6) with M1/M2 ≠ cte we can take u = M1 and v = M2 and we obtain a Weierstrass map that transforms system (1) into
the linear differential system u˙ = u and v˙ = v. However, themap that transforms system (1) into a rational Riccati equation
can be chosen rational as it is shown in Theorem 5.
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